A SUFFICIENT CONDITION FOR
CONJUGACY OF METRIC AUTOMORPHISMS

BY
N. F. G. MARTIN()

1. Introduction. In this paper we take an idea of Rota’s [8] and define a
“universal”” metric automorphism on a product space such that if T is any metric
automorphism of one of the factor spaces there is an invariant subalgebra of the
domain of the universal automorphism such that the universal automorphism
restricted to this subalgebra is conjugate to 7. Those subalgebras in the domain
of the universal automorphism which are associated with some metric auto-
morphism on the factor space are characterized. Using these subalgebras it is
possible to define a function 4 on the cartesian product of the group ¥ of all metric
automorphisms of a given measure algebra with itself to the real numbers such that
if T'and S are conjugate automorphisms then A(7, S)=0. Furthermore it is proven
that if A(T, S)=0 then T and S are “approximately” conjugate in the sense that
for every ¢>0 there exists an automorphism R and a T invariant subalgebra %
such that T= R~ 'SR for all sets in # and if E is a measurable set not in &%, then
M(TE A R~ 'SRE)<e (Theorem 4.19). As a corollary to this result we obtain that
if K(T, S)=0 and the conjugacy class of S is closed in the uniform topology in
& then T and S are conjugate.

2. Notation and definitions. Throughout, (X, #, 1) will denote a totally finite
measure space with u(X)=1, i.e., a probability space. We shall be concerned with
functions defined on the measure algebra of .#, that is the measurable sets mod
sets of measure zero, and set equalities will be understood to hold almost every-
where. A metric automorphism of .# is a boolean o-isomorphism of the measure
algebra onto itself which preserves the measure. The collection of all metric auto-
morphisms of .# will be denoted by ¢. If T, and T, are metric automorphisms of
measure algebras ., and .#, respectively then T, and T, are conjugate (or iso-
morphic) if there exists a measure preserving boolean o-isomorphism R on .4,
onto .#, such that T,R=RT,. If T and S are in &, then T and S are conjugate if
there exists R € ¥ such that T=R~'SR.

If € is a sub o-algebra of ., the conditional probability of a set 4 e .#
given % will be denoted by u(4|%¥). For properties of the condition probability see
[5] or [2]. If £ is a finite measurable partition of X into sets E,, E,,..., E,, the
entropy of £, H(¢), is defined by H(&€)=—>7_, n(E)) log u(E;); the relative
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entropy of £ given €, H(¢[%), is defined by H(¢€)= — 31-, w(E|%) log w(E,|6);
and the mean conditional entropy of ¢ given ¥, H(£|%), is defined by H(¢|%)=
[ H(|) du. 1t is true that H(£|€)= [y 571 xs, log w(E;|€) du; if €<%,
then H(¢|%,) 2 H(¢|€.,); and if {€,} is an increasing sequence of subalgebras of
M and €= \/ -, €, then lim, H(¢|¥,)=H(¢|%), a.e. For proofs of these state-
ments see for example [4], [2] or [1]. If {%, : a € 4} is a collection of subalgebras
of # then \/, .4 €, Will denote the boolean o-algebra generated by the sets in
Waea €. If T'is a metric automorphism of .# then the entropy of T, h(T), is defined
by

n-1
h(T) = sup { lim ;ll H ( \V T’§) : ¢ finite partition of X }
n-® j=o0

One may consult Rohlin’s survey article [7] for properties of A(T) and its use in
ergodic theory, or Jacob’s lecture notes [4].

3. A universal metric automorphism. Let Z denote the integers and & the
collection of all subsets of Z. The o-algebra & x # will be denoted by € and u
will denote the function on Z x X defined by u(k, x)=(k+1, x).

3.1. LEMMA. There exists a finitely additive measure A on € such that \(Z x X)=1
and for every E€ €, Nu~*(E))=ME).

Proof. Let ¥ denote the real linear space of all bounded real functions on the
integers with sup norm and usual definitions of addition and scalar multiplication.
By use of the Hahn-Banach theorem (see [9, p. 112]) there exists a positive linear
functional L on V¥ such that L(x)=lim,_ . (1/n) >7=¢ x(j), if this limit exists, and
if one defines T,, on V, by (T,x)(j)=x(j+n) for any n € Z, then L(T,x)=L(x).

Now, for E € €, k € Z,let E, denote the set {x : (k,x) € E}. Then {u(E}) : k € Z}
€ V and we define A(E) to be L{u(E,) : k € Z}. Let E* and E? be disjoint sets from ¥
and denote their related sequences {u(E:) : k € Z} and {u(E?) : k€ Z} by x, and
x, respectively. Since (E! N E2),=E} N E}, the disjointness of E* and E? implies
that E} N E2= @ and hence uw(E} U E?)=u(E})+ p(E?) so that

X1+ xp = {WEN+m(E]) : je Z} = {w(E} V Ef) : jeZ}.
Hence,
MEy Y Ep) = L(xy+x5) = L(x1) +L(x2) = ME1)+ M(Ey).
The fact that A=0 and A(@)=0 follows from the fact that L is a positive linear
functional.
It is clear that A may not be countably additive, since each of the sets

{(j, x) : x € X} has A-measure zero and Z x X= |,z {(J, X) : x € X} has A-measure
one.
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3.2. DerINITION. For each set E € €, define the set function U by
U(E) = {(k, x) : u(k, x) € E}.

Since U is the inverse image of sets under a point function, U is a o-homo-
morphism on €, and since u is measurable this U maps € into €.

3.3. LeMMA. The homomorphism U is a metric automorphism of €.

Proof. It follows immediately from the definition that U is a s-isomorphism of
% onto €. To see that U is A-measure preserving, let E € ¥ and denote the sequence
{u(E)) : jeZ} by x, then Tix={w(E;s1):jeZ}={u(U'E)) : jeZ}, and it
follows that A(E)=L(x)=L(T,x)= XU ~'E).

3.4, THEOREM. For each metric automorphism T of M there exists a U-invariant
a-subalgebra &/(T) of € such that A restricted to /(T) is a countably additive measure,
the measure space (Zx X, &(T), A) is metrically isomorphic to (X, #, p), and U
restricted to S/(T) is conjugate to T. Furthermore the algebra /(T) satisfies the
conditions

(i) for every jeZ, A € L(T), u(A;)=XA),

(ii) for every E € M, there exists a set A € (T such that Ay=F a.e. (n).

Proof. Define the function ey on .# by
er(E) = {(j,x) : xe T’E} = !LGJZ {j}xT’E).

Since T is a metric automorphism, T7E € .# for each j and hence ar(E) € %. It is
easy to see that «g is a o-homomorphism of .# into % and that if we denote the
range of «; by (T, then &/(T) is a subalgebra of %.

Let Ee€ . #. Since T is measure preserving, u(T’E)=u(E) for all j and hence
w(er(E))=p(E) for all j. Thus Mer(E))=L{u(erE),) : je Z}=m(E) and «r is
measure preserving on (X, , p) onto (Z x X, (T), A).

Suppose ar(E)=oar(F)a.e. Thenif A denotes symmetric difference «r(E A F)= &,
a.e., and 0=X(or(E A F))=w(E A F) so that E=F, a.e. Thus «; is one-to-one on
the measure algebras, and «r is a metric o-isomorphism on (X, .#, x) onto
(Zx X, L(T), A), and since p is countably additive, A is countably additive on
KL(T).

To show that T is conjugate to U restricted to &/(T), let E € #. Then

Ue ar(E) = U(!Leg W< T'E))
= jeLJz ({j-1}xT’E)
= ,Ei ({3 xTTE))

= dpo©° T(E).
This also shows that &/(T) is U-invariant.
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Finally, to see that (i) and (ii) are satisfied, by the definition of (T, given
A € (T), there is E € A such that o (F)=A and MA)=p(E)=w(T’E)=u(4,) for
each j € Z so that (i) is satisfied. Also given E € &, (ar(E))o=E and condition (ii)
is satisfied.

3.5. THEOREM. Let & be a U-invariant subalgebra of € such that conditions (i)
and (ii) of Theorem 3.4 are satisfied. Then there exists a metric automorphism T of
M such that U restricted to & is conjugate to T.

Proof. For E e o/ let B(E)=E,={x : (0, x) € E}. Then B is a o-homomorphism
of &7 into A and it follows from 3.4 (ii) that B8 is onto and from 3.4 (i) that
w(B(E))=AE) so that B is a metric s-homomorphism of & onto .#. Suppose
B(E,)=B(E,) a.e. Then B(E; A E;)= @ a.e. and M(E; A E;)=u(B(E; A E3))=0 so
that E,=E, a.e. and B is one-to-one. Now define 7 on .# by T=8UB~* and T is
conjugate to U restricted to .

4. Applications. Foreach T e ¢, denote by «/(T) the algebra given by Theorem
3.4 and by oy and B the like named metric o-isomorphisms defined in Theorems 3.4
and 3.5. Note that «; maps 4 onto &/(T) and B, being the projection onto the
Oth component maps € onto .#. If we denote the restriction of 8 to &/(T’) by B,
then B, maps &(T) onto 4 and «7'=py. Let I denote the identity automorphism
in ¢, and 2 denote the trivial subalgebra consisting of @ and the whole space.

4.1. THEOREM. The automorphism T is ergodic iff &/(T) N Z(I)=2.

Proof. Suppose T is ergodic. Then given E € #, TE=E implies that E= @ or
X. Let Fed(T)N L(I). Then Ujez (j}xTFo)=,ez {j} x F,) and hence
TF,=F, for all j and F, must be either & or X and Fis either @ or Z x X. Thus
KL (T) N (I)<=2. Since the reverse inclusion is always satisfied, «/(T) N </(1)=2.

Suppose Z(T) N &/(I)=2. Then for any set E € .# such that TE=E, T’E=FE
for all j and it follows that | c; ({j} x T’E)= ez {j} x E)=F € (T) N (1.
Thus Fis either @ or Z x X. In the first case E= & and in the second E= X.

4.2. THEOREM. If T is ergodic then &/(T) and <Z(I) are A-independent.

Proof. Since T is ergodic, for sets E, Fe #,
1 n—1
.1 ; _
lim - > w(IT'E N F) = w(E)u(F).

i=0

For a proof of this statement see [3, p. 33].
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Let A e /(T) and Zx Fe &/(I). Then Fe # and
MAN(ZxF))=L{wd;NF):jeZ}

n-1

—lim1 ’
—11'{I1n2 w(T’Ay N F)

1=0

= p(AJF) = MANZ x F).

43. LeMMA. Let T, Se€ G; M =B(L(T) N HL(S)). Then M' is the maximal
subalgebra of M which is both T and S invariant and such that T and S coincide on
M'. Furthermore, if T is ergodic, every T invariant subalgebra of # may be repre-
sented by B(Z(T) N «Z(R)) for some R in F.

Proof. Suppose that .#* is a subalgebra of .# which is both T and S
invariant and such that 7=S on #*. Let Ee.#*. Then TE=S’E for all
j€Z and hence ap(E)=as(E) and A*<pB(HA(T)N K(S))=A". It follows
easily from the definition of " that it is both T and S invariant and that T=S
on . #'.

Suppose T is ergodic. Let #* be a T-invariant subalgebra of .#. For each
E € #* define RE to be TE and for E € # —.#* define RE to be E. Then Ris a
metric automorphism and since 7 is ergodic * is the maximal subalgebra on
which T and R coincide. Thus #*=8(/(T) N &(R)).

For Te ¥ and # a T-invariant subalgebra of .# denote the restriction of T to
% by T|%. An automorphism has completely positive entropy (see [6]) if for
each nontrivial T invariant subalgebra # of #, W(T|%)>0. If #,< %,, then
hT| %) <hT|B,) (see [T)).

4.4. LemMA. If T, Se€ %, T has completely positive entropy, and /(T) N (S)#2,
then S has positive entropy.

Proof. Since #(T) N (S)#2, B(#(T) N 4(S))#2. Thus
0 < K(T|B((T) N A(S)) = K(S|BH(T) N A(S)) = h(S).

4.5. THEOREM(?). If T has completely positive entropy then T is ergodic.

Proof. By Theorem 4.1 if T is not ergodic, &Z(T) N &/(I)#2. This implies by
Lemma 4.4 that I has positive entropy which is false.

(%) A much stronger result than this is stated without proof by Rohlin [7, p. 14] namely
that automorphisms with completely positive entropy are mixing of all orders.
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4.6. LeMMA. If Te % and F is a function on Zx X to the reals which is </(T)-
measurable and A-summable, then F(0, +) is u-summable and

Fd\ = f F(Q, ) du.
X

ZxX

Proof. Suppose B is a real Borel set. Then since F is &/(T)-measurable F~*(B) €
& (T) or

{(n,x) : F(n, x) e B} = nLer {n} xT™x : F(0, x) € B})

so that {x : F(0, x) € B} is in A4 and F(0, -) is .#-measurable.
Since F is A-summable, there exists a sequence {F;} of simple functions which
converges a.e. to Fy. Suppose F(n, x)= 3 Cixg,,(n, x). Then

x Fydx = Z CI{A(E\M) = zk: Ciﬂ{(Ekf)o}

Zx

= Z Cl{?f XE;“(O’ .) dl”
I X

- fx FA0, ) du.

Since F,(0, x) converges a.e. to F(0, x), we have that [,, . Fd\ = [, F(0, ) du.

Let é={4,, ..., 4;} be a finite measurable partition of X. For T € ¢ denote the
partition {ard; :j=1,...,k} of Zx X by ez, and if # is a subalgebra of €
denote the subalgebra {B(FE) : E € %} of # by B(%). If F is a function on Z x X,
F, will denote the function F(0, -). If & is a p-summable function and &/ is a
subalgebra of #, denote by E,(h|«/) the conditional expectation of A given &
and if fis an &/(T)-measurable, A-summable function and & is a subalgebra of
K(T) let E,(f| #) denote the conditional expectation of f given %. For properties
of conditional expectation see [5].

4.7. LeMMA. If T, S€ 9, f is (T)-measurable and \-summable then
[EX(f | L(T) 0 L(SN]o = Efo | BH(T) N H(S))) ae.
Proof. By Lemma 4.6, f, is p-summable and [ fdX = [ f; du. By the definition

of Ex(f | #(T) N K(S)), this function is & (T) N &/(S)-measurable and for any
EeA(T) N L(S)

[Bg1o@nasya= [ fod
E B(E)
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Since f, is p-summable, by definition of conditional expectation,
E(fo | B((T) N (S)))
is B(H(T) N L(S))-measurable and for each B(E) € B(L(T) N (S)),

[ Bl | BA@D 0 (5 d = [ fodu.
B(E) B(E)
Thus for each E € ((T) N (S)),
L E(f| 4(T) 0 £(S)) d) = fﬁ . Efo | Bt (D) 0 A(S)) di

However, from Lemma 4.6,
[xeExr | @) 0 tS) dr =[xl B | D) O AW di
for every set E € #/(T) N 2£(S). Thus for every set E € oZ(T) N £(S),
[ B A@ 0 ASode = [ Elfe | BAD) 0 HS)) d

Moreover, since E\(f | &(T) N (S)) is &(T) N (S)-measurable,
[EX(f | L(T) 0 L(S)]o
is B((T) N £/(S))-measurable and it follows that
[Ex(f | L(T) 0 A(SPlo = Eu(fo | BHA(T) N A(S)) ae.

4.8. COROLLARY. If A€ # and T, S € 9, then
[Mord | L(T) N L(S)]o = (4 | B(H(T) N L(S))).

4.9. LEMMA. Let ¢ be any finite measurable partition of X and T, S € 4. Then
H(aré | (T) 0 L(S)) = H(¢ | B(T) N A(S))).

Proof. Suppose é={4,,..., 4} and denote «rA4; by 4] and & (T) N (S) by %.
Then by definition of relative entropy and Corollary 4.8

[H(ert| B)o = — ; (45| D))o log [M4]| B)]o

It

= 2. HAIB() log kA, |B(B)
HEBB) ae.
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Thus by Lemma 4.6

H(art| B) = f H(art| B) d) = f [H (axt] B)]o dis
= | H () du = BB,

4.10. LEMMA. Let (Y, A", v) be a probability space and # a subalgebra of N".
A necessary and sufficient condition that #=A" (a.e.) is that for every finite measur-
able partition ¢ of Y, H(¢| #)=0.

Proof. It is known [2, p. 31] that H(¢| #)=0 iff ¢ is a finite partition of ¥ con-
tained a.e. in 4, i.e., for each A4 € ¢, there exists Be # such that 4=B a.e.
Suppose # does not equal 4" a.e. Then there is a set E € A such that w(E A B)>0
for every set Be 4. Consider the partition {={E, Y— E}. Then H({| #)#0, since
if it were zero the partition { would be contained a.e. in % and there would exist
B e # such that v(E A B)=0. In the case #=A4" a.e., every partition of Y is
contained a.e. in % and H(¢| £)=0.

4.11. DefINITION. For T, S € ¢ define A(T, S) by the equation

h(T, S) = inf {sup H(aré | #(T) N (R~*SR)): ¢ finite partition of X: R e %}.
4.12. THEOREM. Let T, S€ %. If T and S are conjugate then h(T, S)=0.

Proof. Since T is conjugate to S there exists R € ¢ such that T=R-'SR and
by Lemma 4.3 B[«Z(T) N Z(R~1SR)]=.#. Hence by Lemmas 4.10 and 4.9, for
each finite partition ¢ of X,

0 = H(¢ | B((T) N /(R™'SR)))
= H(ezt | (T) 0 (R-1SR)).
Thus A(T, S)=0.

4.13. LeMMA. If R, S, T€ 9, then
R[B(LA(T) N L(S))] = B(F(RTR™*) N LZ(RSR™Y)).
Proof. Let E e B((T) N «(S)). Then T?E=S’E for all jeZ since op(E)=
os(E). Let F=RE. Then RT’R-'F=RS'R-'F for all j. Since (RTR *)'F=

RT’R™'F, agrp- 1((F)=oagsp-1(F) and F=RE € B(/(RTR™*) N (RSR~*)). Thus
RB(A(T) N L(S))<B(&Z(RTR™ ) N /(RSR™1)). Next suppose that

FeB(A(RTR™Y) N (RSR™1Y)).
Then by the first part of the proof R~1F € f(/(T) N «(S)) and the result follows.
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4.14. TueoreM. If T, S€ 9, then h(T, S)=h(S, T).

Proof. It is true that if R € ¢, H(R¢|RA)=H(¢|Z). (See [2, p. 31].) Thus, for
any finite partition ¢ of X, any Re 9,

H(ost | #(S) N (R7'TR)) = H(¢ | B(H(S) N «/(R'TR)))
= H(R¢ | RB((S) N #(R™'TR)))
= H(ez(Ré) | #(RSR™*) 0 ().
Thus
sup H(asé | #(S) N #4(R™'TR)) = sup H(ar¢' | #(RSR™Y) N (T))

and
i‘e‘i sup H(est | #(S) N A(R™'TR)) = ;22 sup H(or€' | 4(R'-1SR) N AL(T)).
4.15. THEOREM. Let T, S, Uc %. Then
WT, U-1SU) = KT, S).
Proof.
KT, U-1SU) = il;f sup H(aré | (T) N (R-1U-*SUR)).
Define R, = UR so that R=U "R, and
NT, U-SU) = ui}llfnsgp H(arpt | #(T) N L(R7*SRy))
="h(T, S).
4.16. CorOLLARY. If T, S, U,, U, are contained in 9 then

WU 'TU,, Us*SU,) = K(T, S).

Proof.
hW(UTTU,, U3SU,) = UTU,, S)
= h(S, UT'TU,)
= h(S, T) = T, S).

4.17. THEOREM. If T € ¥ and h(T, I)=0, then T=1.
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Proof.
0 = AT, I) = inf sup H(eré | L(T) N (R™IR))
Rew

= sup H(oré | (T) 0 (D).

Thus H(¢ | B(L(T) N «/(1)))=0 for every partition ¢ of X and by Lemma 4.10,
B(A(T) N Z(1))=A. Thus by Lemma 4.3 T=1Ion .#.

4.18. THEOREM. Let T, S€ 4. If h(T, S)=O0 then there exists a sequence {R,} of
elements from 9 and a sequence {#,} of T-invariant subalgebras of M such that
T=R;*SR,on #B,and \/ -, B,=MH.

Proof. For each positive integer n there exists an automorphism R, such that
sup; H(arpé | Z(T) N &(R;*SR,)) < 1/n and it follows that

H(oré | (T) N (R *SRy)) < 1/n

for every finite partition of X. If #,=8((T) N L(R;*SR,)). Then T=R; 'SR,
on &, and lim,_, , H(¢| #,)=0 uniformly in £. Since

N, 88,05 H(e| V. 4) < He 4)

and lim,_ ., H(¢| V-, #;)=0. Since \/?., %, is an increasing sequence of sub-
algebras,

lim 17(5, ,\:/1 Q,) = ﬁ(f

n— oo

v/ g,) for all £
i=1
and it follows from Lemma 4.10 that \/;%, #;=#.

4.19. THEOREM. If T, S € ¥ and h(T, S)=0 then for every >0, there exists an
R € 9 and a T-invariant subalgebra # of M such that T=R~'SR on % and for
each measurable set A not in B, W(TA /\ R-1SRA)<e.

Proof. Let ¢>0 be given. Since (T, S)=0, there exists an automorphism R
such that sup; H(apé | #(T) N LZ(R™1SR))<e?(16. Let % be the algebra
B((T) N L(R~1SR)). Then &% is T-invariant and T=R~1SR on %.

Suppose 4 € # — . Then if £ is the partition {4, X — 4}, it follows that

0 < H¢1%) = — [ loguld| By du— [ log (X~ A1 B) dp

< 216
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and hence — [, log u(4| %) du < 2/16. Since this integral exists, —log u(A4| &)<
a.e. on 4 and hence u(4| #)>0 a.e. on 4. Thus —log u(4| B)>1—u(A4| B) a.e.
on A and it follows that

[n-waan < &

Now let B={x : u(4| #)(x)>1—¢/4}. Since Be # we have

WA N B) = f (| B) dy > (1—e/A)u(B)

and it follows that u(B— A4) <e/4. Also

o> [ U-wdiBde= [ -pdI B dut [ (- pid| B

= f.u(A—B)

so that u(4— B)<e¢/4. Thus u(4 A\ B)<e¢/2. Since Be # and T=R"'SR on 4,
w(TA N R *SRA) £ W(TA N\ TB)+u(TB /\ R-*SRB)+uw(R*SRB /\ R~*SRA)
= WA A B)+u(B A A)

< &,

4.20. CorOLLARY. If W(T, S)=0 and if the conjugacy class of S is closed in the
uniform topology on ¥ then T and S are conjugate.

Proof. Let £>0 be given. Recall that ¢ with the uniform topology (see [3,
p. 69]) is a metric group with metric given by

dT,, T;) = sup{u(TWENAT,E) : Ec #}.

Denote by K the conjugacy class of S, i.e., the set {R™1SR : Re ¥}. Now, if
AT, S)=0, it follows from Theorem 4.19 that there exists an R such that
w(TA A\ R-1SRA)<e for every set A€ .#. Thus d(T, R-1SR)< ¢ and it follows
that T is a limit point of K. Since K is assumed closed, T € K and the theorem
follows.
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